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F o r m u l a s  a r e  ob ta ined  which  p e r m i t  c a l c u l a t i o n  of t he  e l e c t r i c a l  and t h e r m a l  c h a r a c t e r i s t i c s  
of an a r c  co lumn,  t h e i r  d e p e n d e n c e  on the  p h y s i c a l  p r o p e r t i e s  and f low r a t e  of the  ga s ,  the  
channe l  d i m e n s i o n s ,  and the  i n i t i a l  h e a t  conduc t iv i ty  funct ion  d i s t r i b u t i o n .  

A s tudy  of an a r e  co lumn s t a b i l i z e d  by  a w a l l  with v a r y i n g  channel  r a d i u s  i s  of i n t e r e s t  in the  f i e l d  of 
o p t i m a l  p l a s m o t r o n  de s ign .  In the  i n i t i a l  s e g m e n t  of the  p l a s m o t r o n  a r c  c h a m b e r  the  a r c  co lumn,  s t a b i l i z e d  
by the  ga s ,  i n t e r a c t s  s t r o n g l y  with  t he  f low, a s  a r e s u l t  of which  i t s  r a d i u s  a long the  z ax i s  a l s o  v a r i e s .  
Thus the  s tudy  of a v a r i a b l e  r a d i u s  co lumn  is  of p r a c t i c a l  i m p o r t a n c e .  The  f i r s t  s t e p  in th i s  p r o b l e m ,  with 
c o n s i d e r a t i o n  of v a r i a b i l i t y  in  ~ was  t a k e n  in  [1], w h e r e  a s o l u t i o n  was  ob ta ined  in  t he  f o r m  of a s e r i e s  
fo r  z << 1. Th is  p r e s e n t  s tudy  wi l l  i n v e s t i g a t e  the  e f fec t  of change  in ~ on the  co lumn p r o p e r t i e s  o v e r  t he  
e n t i r e  channel  length .  

The  equat ions  u s e d  in  [1, 2] to  d e s c r i b e  the  co lumn  p r o p e r t i e s ,  a l lowing  fo r  v a r i a t i o n  in ~, a r e  
w r i t t e n  in the  f o r m  

�9 / . o ( , .  os 
O---~- = r a~ - -T  -~7-r , + cE~S' (1) 

I = 2~R 'E% t' Srdr, (2) 

w h e r e  a 2 = v l / G o h s ,  c = v R 2 ~ s / / G 0 h s ,  h s = Oh/OS = cons t ,  ~s = ~ ~ /8S  = cons t ,  h - - h ,  = hsS,  ~ = ~s S, S 
= St - -  S , ,  h .  is  the  va lue  of h at  S~ = S , .  F o r  so lu t i on  of t h e s e  equa t ions  i t  is  n e c e s s a r y  to  know in i t i a l  
and  b o u n d a r y  cond i t ions  

S (r, 0) = ~ (r), S~ (0, z) = 0, S (~, z) = 0 (3) 

and the  r u l e  fo r  change  in ~ a long the  channe l .  We wi l l  s e e k  a so lu t i on  fo r  the  p a r t i c u l a r  c a s e  ~2 = 1 + k z .  

Equa t ion  (1) s u p p o s e s  the  c o n s t a n c y  of m a s s  f low a long  the  z - a x i s  t h rough  a uni t  c r o s s  s e c t i o n a l  a r e a  
of t he  channe l  and the  a b s e n c e  of r a d i a l  p l a s m a  f low.  H o w e v e r ,  t h e  m a s s  f low G th rough  the  co lumn  does  
v a r y  a long  the  z ax i s ,  and  is  equa l  to  G = G0~ 2. The  change  in G in t he  a r c  co lumn  s t a b i l i z e d  by a f low of 
co ld  gas  o c c u r s  b e c a u s e  of the  f low of  gas  mov ing  a long  the  z ax i s  t h rough  the  l a t e r a l  s u r f a c e  of the  c o l -  
umn .  If the  co lumn is  s t a b i l i z e d  by a wal l ,  the  v a r i a b i l i t y  of G o c c u r s  b e c a u s e  of t r a n s m i s s i o n  of gas  
t h rough  the  channe l  wal l .  

A s o l u t i o n  of Eq. (1) fo r  an a r b i t r a r y  change  in E a long  the  z ax i s ,  s a t i s f y i n g  the  cond i t ions  of Eq. 
(3), wi l l  be  g iven  by 

~' 1 + kz  ' (4) 
0 n ~ l  

w h e r e  the  funct ion  

a 2 m X  , 
rn= l 
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I ~ ' - "  a~ I ~ -  " ' "  ~ - -  

2 2m (m!? 
a" = ( - - 1 )  m 

2m 

i s  a so lu t ion ,  f i n i t e  at  x = O, of t he  equa t ion  

Ix dxd ( x d @ )  + __2a 2kx ___dq)dx -L~M), = 0, (5) 

/~n a r e  r o o t s  of t he  equa t ion  r = 0, A n a r e  the  F o u r i e r  c o e f f i e i e n t s  of the  e x p a n s i o n  of ~o(r) in a s e r i e s  
in t h e  func t ions  ff (r) in t he  i n t e r v a l  0 -< r <- 1. 

F o r  b r e v i t y ,  we i n t r o d u c e  the  n o t a t i o n  

a~/'Xn i 

n = i  0 

F r o m  Eqs .  (2, 4) we f ind  the  n o n l i n e a r  i n t e g r a I  equa t ion  fo r  E 

z 

0 

w h o s e  s o l u t i o n  wi l l  be  [1] 

i E := I i f  ~ (4a~ -;- 2clhp)] -~ ~ = ,  f 2 (6) 
0 

Knowing E, we find the  f o r m u l a  f o r  c a l c u l a t i o n  of t he  c onduc t i v i t y  funct ion  d i s t r i b u t i o n  

S. 2nR~o~EF 
n:=I 

the  m e a n  v a l u e s  of S and h 

and the  h e a t  l o s s  

I h c = h, -i- hsI 
Sc-- nR~. .%E'  nR2~%E (8) 

q = 2~Sr (2, z). (9) 

Equa t ions  (6-9) p e r m i t  c a l c u l a t i o n  of a l l  t he  e l e c t r i c a l  and t h e r m a l  p r o p e r t i e s  of the  c o lumn ,  t h e i r  
d e p e n d a n c e  on the  p h y s i c a l  p r o p e r t i e s  and  flow r a t e  of the  p l a s m a ,  the  channe l  d i m e n s i o n s ,  the  i n i t i a l  d i s -  
t r i b u t i o n  S, and  the  change  in  co lumn r a d i u s  wi th  Iength .  

We wi l l  c o n s i d e r  t he  p r o p e r t i e s  of a co lumn u s i n g  the  f o r m u l a s  ob ta ined .  
of e n e r g y  Eq. (1) a f t e r  s e v e r a l  t r a n s f o r m a t i o n s  r e d u c e s  to  the  f o r m  

h ~ .  ~__ (csc) = q + El. (10) 
l dz 

F r o m  Eqs .  (8, 10), c o n s i d e r i n g  tha t  G = Go~ 2, we find 

dE .... ~R2%lE'- (q @ El). (11) 
dz hsGo I 

F r o m  Eq. (11) we f ind tha t  the  d i r e c t i o n  of t he  change  in e l e c t r i c  f i e ld  i n t e n s i t y  is  d e t e r m i n e d  by the  s i g n  
of t he  quan t i t y  0 = q + EI ,  which  i s  t h e  e n e r g y  a c q u i r e d  by  the  p l a s m a  p e r  uni t  a r c  c o l u m n  l eng th .  If  0 > 0, 
then ,  a s  in t he  c a s e  of a c o n s t a n t  r a d i u s  co lumn [3], the  e l e c t r i c  f i e ld  i n t e n s i t y  in t he  z d i r e c t i o n  d e c r e a s e s .  
In a co lumn of c o n s t a n t  r a d i u s ,  wi th  d e c r e a s e  in E the  v a l u e s  of S c i n c r e a s e s  [3]. In the  p r e s e n t  e a s e ,  a s  
is  ev iden t  f r o m  Eq. (8), the  cond i t i on  fo r  g r o w t h  of  S c i s  d e c r e a s e  in the  p r o d u c t  ~2E. Equat ion  (8) shows  
tha t  if  the  cond i t i on  Se~ 2 = cons t  i s  fu l f i l l ed ,  t he  e l e c t r i c  f i e ld  i n t e n s i t y  a long  the  z ax i s  does  not  change .  
Thus ,  in c o n t r a s t  to  the  c o n s t a n t  r a d i u s  co lumn ,  in the  p r e s e n t  m o r e  g e n e r a l  e a s e  the  m o d e  E = cons t  m a y  
o c c u r  a l s o  in the  i n i t i a l  p o r t i o n  of the  a r c .  E x p e r i m e n t s  have  c o n f i r m e d  the  e x i s t e n c e  of such  a m o d e  of 
a r c  in p l a s m o t r o n s  [4]. 

The equation of conservation 
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We r e d u c e  Eq. (6) to  the  f o r m  

E = IF~ ( 4~2R~a:l - I -2c* ) ]  -~ 

F r o m  th i s  i t  i s  ev iden t  tha t  i f  ~, and c onse que n t l y ,  F and $, H e r e  F 2 > 0, ~b > 0. 
with i n c r e a s e  in c u r r e n t  t he  e l e c t r i c  f i e ld  i n t e n s i t y  i n c r e a s e s .  Thus ,  an a s c e n d i n g  E - - I  c h a r a c t e r i s t i c  is  
ob ta ined  when the  co lumn r a d i u s  i s  i ndependen t  of  c u r r e n t .  Th is  a g r e e s  wi th  the  q u a l i t a t i v e  d e s c r i p t i o n  of 
the  phenomenon  in [5] and h a s  been  c o n f i r m e d  by m a n y  e x p e r i m e n t s .  F r o m  Eq. (12) i t  a l s o  fo l lows  tha t  
d e c r e a s e  in E with g rowth  i n  c u r r e n t  a t  s m a l l  I i s  to  be  e x p l a i n e d  by i n c r e a s e  in co lumn  r a d i u s .  The  con-  
d i t i on  fo r  d e c r e a s e  in E with  g rowth  in c u r r e n t ,  c o n s i d e r i n g  the  d e p e n d e n c e  of ~ on I, ob ta ined  f r o m  Eq.  

(12), i s  w r i t t e n  as  

4a,"R~ + 2 c ~  l n F '  > 0 .  
dI I 

We wi l l  c o n s i d e r  s e v e r a l  s p e e t a l  e a s e s  of the  s o l u t i o n  ob ta ined .  

1. K = 0, ~ = 1. Equa t ion  (5) r e d u e e s  to  a z e r o e t h  o r d e r  B e s s e l  equa t ion ,  Consequen t ly ,  ~}n = J0 
T 

(pn  r)  
2 

a ~ t  n 

lira(1 -}- kz) ~ == exp (-- a~ 
ie~o 

Thus ,  Eq.  (4) can  be  w r i t t e n  as  

(12) 

are independent of I, then 

z ~ 

0 rz== 1 

Equa t ion  (13) c o i n c i d e s  wi th  the  f o r m u l a  of G. Yu. D a u t o v ' s  t h e o r y  [3] f o r  an  a r e  in a c y l i n d r i c a l  channe l  
with a gas  f low.  In the  s t i l l  m o r e  p a r t i c u l a r  c a s e  ~(r)  = 0, Eq.  (13) r e d u c e s  [3] to  t he  S t i n e - - W a t s o n  s o l u -  
t ion  [2]. 

2. G = 0. In th i s  c a s e  a 2 = ~ and Eq.  (5) r e d u c e s  to  a z e r o e t h  o r d e r  B e s s e l  equa t ion .  T h e r e f o r e  
t 

~n = J0 (~nr /~ )  �9 In Eq.  (6) fo r  G ~ 0 t he  v a l u e  of F t ends  to  z e r o ,  and  c$, to  in f in i ty .  We then  ob ta in  

S = A1J0 t (14) E = R~oo,----- ~ , 

Equa t ion  (14) a g r e e s  wi th  t h e  r e s u l t s  of M e e k e r ' s  t h e o r y  [6] f o r  a c y l i n d r i c a l  f i o w l e s s  a r e .  Thus ,  t he  
p r o p e r t i e s  of a f l o w l e s s  co lumn of v a r i a b l e  r a d i u s  ~R a t  e v e r y  s e c t i o n  c o i n c i d e  with  the  p r o p e r t i e s  of a 
f l o w l e s s  c y l i n d r i c a l  a r e  of  the  s a m e  r a d i u s  ~R. H o w e v e r ,  i t  i s  n e c e s s a r y  to  c o n s i d e r  tha t  such  a c o n c l u -  
s i o n  can  be  a s s u m e d  to be  v a l i d  only  fo r  s low changes  in  r a d i u s ,  when h e a t  t r a n s f e r  in  the  d i r e c t i o n  of the  
z ax i s  due to conduc t iv i ty  can  be  n e g l e c t e d .  

3. r  = A l ~ l ( r ) .  Then:  

2 a - ~ t  2 

- -  - - 2  

E.-- -I~ ~ B -~ 

4a,t~ 2 

2cl ~ - -  -2 (15) 

2 a  2 bt 2 

S ~ 2~R~%71 (D t �9 (16) 

Equa t ions  (15), 16) in the  m o r e  p a r t i c u l a r  e a s e  A 1 = 0, k = 0 t r a n s f o r m  to the  f o r m u l a s  of the  t h e o r y  e x -  
p a n d e d  in [2]. 

Thus  f o r m u l a s  have  been  ob ta ined  fo r  c a l c u l a t i o n  of p r o p e r t i e s  of  a v a r i a b l e  r a d i u s  co lumn .  The  
t h e o r i e s  of s t a b i l i z e d  a r c s  known in t he  l i t e r a t u r e  to  da t e  a r e  p a r t i c u l a r  c a s e s  of the  m o r e  g e n e r a l  s o l u -  
t ion  ob ta ined  h e r e .  
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NOTA TION 

is the current, A; 
is the electric field intensity, V/m; 
is the arc column length, m; 
is the initial radius of arc column, m; 
are the cylindrical coordinates related respectively to R and l (z axis directed in the direc- 
tion of plasma flow); 
is the radius of arc column referred to R; 
are the electrical conductivity, enthalpy, and thermal conductivity, 1/~2, J/kg, W/m; 
is the heat liberated per unit column length in radial direction per unit time, W/m; 
is the gas mass expenditure, kg/see; 
is the zeroeth order Bessel function; 
is the roots of the zeroeth order Bessel function. 

i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  r a n d  z;  

i s  t h e  m e a n  m a s s  v a l u e ;  

a r e  t h e  v a l u e s  a t  z = 0 a n d  l = ~o. 
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